We study the tripartite entanglement for a class of mixed states defined by the mixture of GHZ and W states, ρ = p|GHZ GHZ| + (1 − p)|W W |. Based on the Caratheodory theorem and the periodicity assumption, the possible optimal decomposition of the states has been derived, which is not independent on the detailed measure of entanglement. We find that, according to p, there are two different decompositions containing 3 or 4 quantum states in the decomposition respectively. When the decomposition contains 3 quantum states, the tripartite entanglement of the mixed state is simply the entanglement of superposition states of GHZ and W. When the decomposition contains 4 quantum states, the tripartite entanglement of the mixed state is a liner function of p. We also study the relations between the three-tangle and three-π. It is shown that the three-tangle is smaller than the three-π. Moreover, the three-π has a minimal point in the interval 0 and 1, while the three-tangle is a non decreasing function of p.
Introduction
Quantum entangled states are the key resources in quantum computation and quantum information processing.
1 Computation and detection of quantum entanglement are the essential subjects in the theory of quantum entanglement. For bipartite, in particular, lower dimensional systems, there are already many useful results, such as entanglement of formation, 2,3 concur-rece, 4 negativity, 5 relative entropy, 6 PPT criterion 7 and Bell inequalities.
8
Tripartite entanglement is more complicated than bipartite entanglement. Investigation of tripartite entanglement is the basis of studying multipartite entanglement. However, although tripartite entanglement is well defined, it is formidably difficult to compute the tripartite entanglement analytically. Up to now, there is no general formulation to calculate tripartite entanglement, only a few class of tripartite entanglement can be calculated efficiently. 10, 11 In this article, we study the entanglement of a class of tripartite mixed stats ρ = p |GHZ GHZ| + (1 − p) |W W |. We give a more detailed impossible optimal decomposition than 10, moreover our formulation can be used not only three-tangle, 12 but also other entanglement measure. In section 3, we study two important tripartite entanglement measure and make a comparison between them.
The main formulations
Consider the tripartite state ρ = p|GHZ GHZ| + (1 − p)|W W |, where|GHZ = 1/ √ 2(|000 + |111 ), |W = 1/ √ 3(|001 + |010 + |100 ) and |0 , |1 represents the two dimensions of every partite . If the entanglement of pure states is E(Ψ i ), then the entanglement of mixed state is E(ρ) = min p i E(Ψ i ), 2 where ρ = p i Ψ i and the min is taking all the possible decompositions of ρ. The decomposition taking the minimum p i E(Ψ i ) is call the optimal decomposition, and if we know the optimal decomposition of ρ, then we can get the entanglement E(ρ). One can proof that our mixed state ρ can be disassembled by the pure state |q, θ = √ q|GHZ − √ 1 − qe iθ |W . To get the optimal decomposition of a state, we need to answer two questions: first, what is number of pure states of the optimal decomposition? second, which is those pure states? To the first question, Caratheodory's theorem 13 said that 4 pure states are sufficient to minimize the entanglement for rank-2 states. Hence we need to investigate decompositions with 2,3, or 4 pure states.
To answer the second question and consider the symmetry properties of |GHZ and |W to three parties, we assume that the entanglement of |q, θ is a periodical function of θ with period 2π/3. By the assumption that the entanglement of |q, θ is a periodical function of θ with period 2π/3 for a fixed q, we assume E(|q, θ ) get minimal value when θ n = θ * + 2πn/3, n = ...
, then the possible pure state of optimal decomposition be-comes |q, θ n = √ q|GHZ − √ 1 − qe iθn |W . We first investigate the optimal decomposition contains 3 pure states
where a, b, c ∈ [0, 1] and a + b + c = 1. In fact, the ρ op3 also investigates the situation that the optimal decomposition contains 2 pure stats, because a, b, c can be zero. Under the bases {|GHZ , |W }, ρ op3 and ρ can be expressed as follows:
Obversely, ρ op3 = ρ must hold, we have
(2) If ρ op3 is the optimal decomposition, then E(ρ) = aE(|q 1 , θ n1 ) + bE(|q 2 , θ n2 ) + cE(|q 3 , θ n3 ). Because aE(|q 1 , θ n1 ), bE(|q 2 , θ n2 ) and cE(|q 3 , θ n3 ) ≥ 0, we have
The equality hold if and only if aE(|q 1 , θ n1 ) = bE(|q 2 , θ n2 ) = cE(|q 3 , θ n3 ), and the definition of E(ρ) demand the equality of (3) must hold, then we have
Equation (2) and (4) is the conditions that a, b, c, q 1 , q 2 , q 3 must satisfy, and we fond (2) and (4) can be satisfied if
By (2), (4) and (5), equation (1) becomes
This is the possible optimal decomposition containing 2 and 3 pure states. Let us investigate the optimal decomposition that containing 4 pure states. The optimal decomposition should be (6) adding one pure state
where a, b ∈ [0, 1] and a + 3b = 1. Under the bases {|GHZ , |W }, ρ opt4 can be expressed as
Because ρ opt4 = ρ must hold, we have
3 ), and the corresponding entanglement is
Note that for a giving p, E opt40 can vary due to q, so q must take a fixed value q * 0 to make E opt40 minimal, then the final ρ opt40 is
where 0 ≤ p ≤ q and q * 0 is the minimal point of E opt40 . When q ′ = 1, by the same method we get E opt41 = p−q 1−q E (|GHZ ) + 1−p 1−q E (|q, θ * ), and
where q * 1 ≤ p ≤ 1 and q * 1 is the minimal point of E opt41 .
Up to now we have investigate all the possible situations, ρ opt3 is the possible decomposition containing two and three pure states and ρ opt40 and ρ opt41 is the possible decomposition containing four pure states. By equations (6), (9), (10) we can get the corresponding entanglement E opt3 , E opt40 , and E opt41 , and by the definition of entanglement of formation 2 we have our main formulation
where
, when q * 1 ≤ p ≤ 1, and q * 0 , q * 1 is the minimal point of E op40 , E op41 respectively. If we know the entanglement of pure state |q, θ , and E(|q, θ ) is a periodical function of θ with period 2π/3, then by equation (11) we can calculate the entanglement of mixed state ρ. If E opt40 and E opt41 is a differentiable function on q ∈ (0, 1), we get
If q * 0 , q * 1 is the minimal point of E opt40 , E opt41 respectively, then = 0, by (12) we known q * 0 , q * 1 do not depend on p. If E opt40 and E opt41 have few singular points on q ∈ (0, 1), we can compare those point with the differentiable points to get the minimal point.
3. The study of three-tangle and three-π measurement
Three-tangle 12 and Three-π 9 is two different important tripartite entanglement measure, in this section we study these two measurements using our former formulations. First, let us study the three-tangle. For state |q, θ = √ q |GHZ − √ 1 − qe iθ |W , the three-tangle is
Obversely, τ (|q, θ ) is a periodical function of θ with periodic 2π/3, and when θ n = 2π 3 n, n ∈ Z, the three-tangle of state |q, θ get minimal for a fixed q, that is θ * = 0. Note that τ opt3 have a singular point q * = = 0.627 on q ∈ (0, 1), and by (12), we can see that it is also the singular point of τ opt40 and τ opt41 . With the equation (11) we have
To get the minimal point of τ opt40 , we first consider the singular point q * . When q = q * , we get τ opt40 = p q * τ (|q * , 0 ) = 0 and τ opt41 = p−q * 1−q * + 1−p 1−q * τ (|q * , 0 ) = p−q * 1−q * . τ opt40 has already get minimal, so q * 0 = q * . For τ opt41 , we only consider the interval q ∈ (q * , 1) due to when 0 ≤ p ≤ 1, τ opt40 is already the optimal decomposition. By (12) √ 465 . = 0.709. By comparing τ opt3 , τ opt40 and τ opt41 , we get when 0 ≤ p ≤ q * 0 , τ opt40 ≤ τ opt3 , if and only if p = 0 or p = q * 0 equality holds, when q * 1 ≤ p ≤ 1, τ opt41 ≤ τ opt3 , if and only if p = q * 0 or p = 1 equality holds, when q * 0 < p < q * 1 there is only τ opt3 . Then by (14) we get
where q * 0 = 4
√ 465 . = 0.709, and (6), (9) , (10) is the corresponding optimal decomposition.
To study three-π, we first need getting the expression of three-π of the pure state |q, θ . The definition of three-π of a pure state is 
and
By calculate ρ bc , ρ ac , ρ b , ρ c , we can see that due to the symmetry property of |GHZ and |W to every partite,
One can prove for three qubit pure states, N a(bc) = C a(bc) , where C a(bc) is the Concurrence 4 between systems a and b, c. Then by (19) we get N ab = C a(bc) = 2(1 − T rρ 2 a ) = 
cos 3θ − Then the three-π of pure state |q, θ can be expressed as Fig. 1 . The three-π and three-tangle for pure state |q, θ = √ q |GHZ − √ 1 − qe iθ |W as a function of θ and q. The top surface is three-π, the bottom surface is three-tangle, and three-π is always greater or equal than three-tangle. For a fixed q, three-tangle and three-π are all the periodical functions of θ, and get minimal when θ = 0, 2π/3, 4π/3, ... where i = 1, 2, 3, 4 and λ i (q, Cos3θ) is the solutions of (20). From fig1 and (21) we can see that three-π is a periodical function of θ with period 2π/3 and when θ = 2πn/3, n ∈ Z, the three-π get minimal, that is θ * = 0, so we can use our formal formulations. Using our formulation (11) and the method just used for three-tangle we finial get
where q * 0 = 0.564..., q * 1 = 0.963..., i = 1, 2, 3, 4, λ i (q, 1) is the solutions of (20), and (6), (9) , (10) is the corresponding optimal decomposition. Let us make a comparison between three-tangle and three-π. We first consider pure state. For m ⊗ n, m ≤ n bipartite mixed states, we have
15 for 2 ⊗ 2 system N (ρ ab ) ≤ C(ρ ab ). For three qubit pure states we have N a(bc) = C a(bc) , then for three qubit pure
Therefore for three qubit pure states, three-π is great or equal than threetangle. Fig1 shows the entanglement of pure stats |q, θ under these two entanglement measure. For rank-2 mixed states ρ = p |GHZ GHZ| + (1 − p) |W W |, by (15) and (22) we have fig2. From fig2 we can see that for this rank-2 class states three-tangle is smaller or equal then three-π, and the two measurements show different trend when p increases. An interest thing is that on p = q * 0 = 0.564... three-π get minimal 0.50103... which contrary to our intuition that the increase of weight of maximal entangled state 16 |GHZ means a lager entanglement. While, three-tangle is a nondecreasing function of p. Fig. 2 . The three-π and three-tangle for mixed states ρ = p |GHZ GHZ| + (1 − p) |W W | as a function of p. The top curve is three-π, the bottom curve is three-tangle. We can see that three-tangle and three-π are all the liner functions of p on (0, q * 0 ) and (q * 1 , 1). For three-tangle, q * 0 = 0.627..., q * 1 = 0.709..., and for three-π, q * 0 = 0.564..., q * 1 = 0.963....
Conclusions
We study the the entanglement for a class of rank-2 mixed states ρ = p |GHZ GHZ| + (1 − p) |W W |. Base on Caratheodory theorem and the periodicity assumption, the possible optimal decomposition has been derived. Our optimal decomposition does not depend on the kinds of entanglement measure if the entanglement measure satisfy our assumptions. We also apply our formulation to study two important tripartite entanglement measure three-tangle and three-π. We find three-tangle is always smaller or equal than three-π, and three-tangle is a nondecreasing function of p while three-π has a minimal point on p ∈ (0, 1), and this show that different entanglement measure can have different trend for the same state. Our study of this class of tripartite mixed rank-2 states may be useful for studying other tripartite quantum states and even some multipartite higher dimensional states and explore the essence the quantum entanglement and quantum mechanic.
